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Abstract 



We consider extremal limits of the recently constructed "subtracted geometry". We show 
that extremality makes the horizon attractive against scalar perturbations, but radial evo- 
lution of such perturbations changes the asymptotics: from a conical-box to flat Minkowski. 
Thus these are black holes that retain their near-horizon geometry under perturbations that 
drastically change their asymptotics. We also show that this extremal subtracted solution 
( "subttractor" ) can arise as a boundary of the basin of attraction for flat space attractors. 
We demonstrate this by using a fairly minimal action (that has connections with STU model) 
where the equations of motion are integrable and we are able to flnd analytic solutions that 
capture the flow from the horizon to the asymptotic region. The subttractor is a boundary 
between two qualitatively different flows. We expect that these results have generalizations 
for other theories with charged dilatonic black holes. 
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1 Introduction and Conclusion 



Most of the progress in understanding black holes in string theory has been in the context 
of supersymmetric black holes [1]. Many such black holes exhibit a phenomenon known as 
the attractor mechanism [2], which is the statement that the moduli scalars that are present 
in the geometry can exhibit non-trivial radial profiles even when their values are fixed at 
the horizon. This is interesting for many reasons. One reason is that the horizon values of 
the scalars are determined by the charges of the black hol^ which in turn are responsible 
for its thermodynamic properties. Therefore, the attractor mechanism is an indication that 
a microscopic understanding of black holes is likely to require only the near-horizon dataj^ 
This intuition is consistent with AdS / CFT [5] and holography P, [7j . Another reason that 
makes the attractor mechanism interesting is that the asymptotic values of the scalars have 
a coupling constant interpretation, and therefore one can tune the scalar value at infinity to 
weak coupling and hope to understand an otherwise intractable problem [Hj. 

Supersymmetric black holes are necessarily extremal, but not vice versa. Interestingly, it 
was shown by Goldstein et al. [9] that the attractor mechanism relied only on the extremality 
of the black hole and not its supersymmetry. In particular, they showed that when the 
black hole is extremal, perturbing the moduli scalars near the (regular, double- zero) horizon 
results in solutions that change the asymptotic values of these scalars. This demonstrates 
the attractor mechanism. They showed that this phenomenon was robust for flat and anti-de 
Sitter boundary conditions. The perturbation of the scalar retained the asymptotic geometry, 
even though it moved the scalar value at infinity. One of our goals in this paper is to show 
that there exist fully controllable solutions of the Einstein-Maxwell-dilaton system which 
correspond to extremal black holes such that perturbations change the asymptotic structure 
completely, while preserving the near-horizon geometry. 

One piece of folk lore regarding black holes in general, and not just extremal black holes, 
is that they should have a (holographic) description in terms of a conformal field theory 
(CFT). A crude way to motivate this is to note that an observer at infinity sees any object 
falling into the black hole as getting infinitely redshifted as it gets close to the horizon, 
and therefore a putative holographic dual of the spacetime might correspond to an IR fixed 
point CFT. A less philosophical, more concrete argument is that a very large class of (non- 
extremal) black holes in string theory have formulas for their thermodynamic quantities 
that look tantalizingly like those of a CFT [lOj. There has been some recent progress in 
making these ideas more concrete, starting with the Kerr-CFT correspondence [TT] and its 

^This is a generic statement. The scalars that have no couphng to the gauge fields (or curvature) are not 
fixed by the gauge charges [3] . 

^This statement has exceptions. See eg. [4j. 
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generalizations [121 1131 [El It was realized that even non-extremal Kerr black holes 
exhibit a hidden conformal symmetry at the level of the wave equations that propagate on 
them [in]. Following up on this work, it was shown in [T2| that such a hidden conformal 
symmetry can also be seen in the very general black hole geometries of [TO] . 

In some recent work, Cvetic and Larsen have shown [THl [IS] (see also Cvetic and Gibbons 
that this near-region hidden conformal symmetry at the level of the wave equations 
can be implemented at the level of the geometry, if one replaces a single function ("warp 
factor") in the original black hole geometry with a new function (which can be determined 
in terms of the parameters of the original black hole). Wave equations in this "subtracted 
geometry" are by construction in the (effective) BTZ form. Interestingly, the replacement of 
the warp factor retains the black hole interpretation and does not affect the thermodynamic 
quantities of the black hole, but it now lives in an asymptotically conical box [20] instead 
of the original asymptotically fiat space. To support the geometry, the matter content has 
to be appropriately modified. In [20], static black holes in four-dimensional M = 2 super- 
gravity coupled to four vector multiplets were used as the theory in which such "subtracted 
geometries" can be studied. We can work with three scalar fields and four vector fields in 
the bosonic sector, when we restrict to static spacetimes. This action is quite general and 
allows black holes with four distinct charges. Both the original black hole and its subtracted 
geometry can be found as solutions of this system. 

In this paper, we will mostly be concerned with extremal limits of static charged black 
holes and we will write down their corresponding subtracted geometries. We consider a 
fairly minimal theory (engineered from M = 2 supergravity coupled to four vector multi- 
plets), where these solutions can be studied. Since it is known that extremal black holes are 
attractive, we will investigate the nature of the attractor mechanism in the context of the 
subtracted metric. We observe that the scalars and the U{1) gauge fields that support the 
subtracted geometry fall into the attractor ansatz presented in [9j. To study the attractor 
mechanism we perturb the scalar near the horizon (while demanding regularity at the double 
zero horizon) and trace the radial evolution of the system. Numerically, we find that the 
asymptotic structure changes drastically, and that the solution flows to an asymptotically 
flat (extremal) solution. To get more confidence in our result, we also investigate the system 
analytically. For our theory, using a connection to an integrable Toda system [221 ES, [9] 
we solve the EoMs exactly. We show that the extremal subtracted geometry arises as a 
(previously missed) solution of this system, and show analytically that perturbations of this 
geometry flow to fiat space extremal black holes with non-trivial radial scalar profiles. The 
entire discussion here is under analytic control and we find a consistent picture. The con- 
clusion is fully in accord with our numerical experiments and we conclude that the extremal 

■^See 1201 m] for a Harrison transformation approach to the subtracted geometry. 
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subtracted geometry (the "subttractor" ) can retain its near-horizon features, in particular 
the scalar values and the charge parameters, even though the asymptotic structure changes 
drastically. We also observe that these subttractors can be interpreted as a boundary of the 
domains of attraction of flat space attractors. In fact when we perturb our subttractors one 
way, they flow to fiat space hairy black holes, but when we perturb them the other way we 
run into new exact solutions with no asymptotic region. The phase structure of attractor 
solutions is quite rich, and we have evidence that a generalized notion of subtracted geometry 
might be useful for understanding them. But we leave a detailed discussion of these matters 
for a future paper [21] . 

The outline of this paper is as follows. In the next section, we introduce a fairly minimalist 
action where subtracted geometries can be found. We present the static charged black hole 
solutions, their subtracted geometries and the corresponding extremal limits. In Section [3} 
we present the attractor ansatz and the equations of motion and observe that the subtracted 
geometry falls into that ansatz. In Section |4| we use the connection of our system to a 
Toda-style system to construct various exact solutions. In Section [5} we do perturbation 
theory around the horizon and identify the solutions to which the subttractor flows when 
perturbed. We do this by finding the precise relation between the asymptotic value of the 
scalar and the perturbation at the horizon. We conclude by showing that our solutions arise 
at the boundary of attraction basin in asymptotically fiat attractors. In an appendix we 
present a rationale for obtaining the symplified (integrable) action that we use, from M = 2 
supergravity in four dimensions coupled to four vector multiplets. In another appendix we 
present some comments about asymptotically conical box geometries. 

2 A Minimalist Subtracted Geometry 

We will be interested in black hole solutions of the action 



where (ai,a2) = (2-\/3, — 2/-\/3). This theory has one dilatonic modulus scalar and two U{1) 
gauge fields, and the fab is the gauge coupling matrix. 

This action contains all the low spin (0, 1 and 2) bosons with long range classical effects 
and there are a few reasons why we have chosen this specific form. The scalar does not 
have a potential, i.e., its a modulus, and the gauge-coupling is scalar dependent. Both these 




(2.1) 



where the scalar-dependent gauge couplings take the form 




(2.2) 
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features are natural in toroidal Kaluza-Klein reduction scenarios. Specifically, we show in 
an appendix that this action can be obtained from the bosonic sector of A/" = 2 supergravity 
coupled to four vector multiplets, which is closely related to the context in which Cvetic and 
Youm [25] wrote down their very general 5D black holes in string theory. The subtracted 
geometry for the four-dimensional black holes was presented in [19] . 

Our action has the advanatge that it allows analytically tractable static black hole solu- 
tions with non-trivial scalar profiles [221 ESI [9] . Specifically, it is known that explicit attractor 
solutions can be written down [9J. 

A final reason why we work with this action as opposed to a more general action like the 
STU model is that this is a fairly minimal set up where one can write down a subtracted 
geometry that is a solution of the same system of equations of motion as the original black 
holfl In more general theories, like the ones considered in [THl 120] , the subtracted metric 
has only 3 parameters wheras the original geometry has more. This means that many black 
holes have the same subtracted geometry in the construction of [T9l 120] . Conversely, if we 
work with less complicated theories (like say pure gravity) the subtracted geometry cannot 
be thought of as the solution of the same action. 

Using the connection with the action of [19] discussed in the appendix, it is straightfor- 
ward to write down static black hole solutions of this action with two U{1) charges. The 
metric takes the form 



ds' = =dr + ^^dr' + V Ao {de' + sin' Od^') (2.3) 

V Aq X 

where 

X = r{r - 2m), Aq = (r + 2m sinh^ 5)^(r + 2m sinh^ 6o) (2.4) 
with the matter fields given by 

r + 2m sinh^ 5 l ^/^ 



exp 



r + 2m sinh^ 6o 



(2.5) 



= Ql^sme de Ad(p, F' = Ql^sm9 dO A d(p, (2.6) 
where we have taken a magnetic form for the gauge fields with magnetic charges given by 

1 _ m sinh 26o ^ _ v^m sinh 26 

We will also write down the subtracted geometry for this solution. The metric takes the 
same structure as above, but now the warp factor Aq is replaced by 

A, = (2m)3 r (H^ - n^) + (2m)" (2.8) 



*We only consider static black holes in this paper. 
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where 



He = cosh^ 5 cosh^o, = sinh^ 5 sinh Jo (2.9) 
and the matter fields take the form 

and the magnetic fields and the charges take the same form as in the unsubtracted case. 

The value of P"^ in terms of m, 6 and 6o is presented in Section |4| In principle, we can 
choose to rescale the charges (both in the subtracted and unsubtracted geometry) if we do a 
compensating shift in the scalar fields, which corresponds to tuning /3. This is clear from the 
structure of our action, and will also be evident when we write down the equations of motion 
for the system using an effective potential in the next section along the lines of [9j. But we 



want to work with the same specific set of magnetic charges (2.7) for both the sub(and unsub- 
)tracted geometries, so this means that we have eliminated this freedom. In particular, the 
equations of motion deteremine the P"^ for us. This is different from the situation considered 
in [20] where they left this scaling essentially arbitrary. We think it is more interesting to 
compare the two geometries when their charges are identical, and the results of this paper 
give evidence for this. But we emphasize that if one's goal is only to find some matter to 
support the subtracted metric, then the system has more redundancies. This is even more 
apparent when we turn on more charges in the original solution [13 EO], because then there 
are many unsubtracted metrics which correspond to one subtracted metric. But choosing the 
charges fixes a one-to-one map between the original black hole and its subtracted solution. 
Note however that this prescription only works for black holes with charge - in particular, 
the Schwarzschild black hole is outside our jurisdiction. This won't bother us however, since 
we are ultimately interested in the attractor mechanism which is a statement about fixed 
non-zero charges, extremal black holes, etc. The subtracted Schwarzschild black hole can 
be seen as a degenerate limit of our set up, where the P'^ along with the magnetic charges 
goes to zero. In particular, this means that the scalar has a constant piece that diverges 



(—7- — oo). Because of this the effective potential (3.7) that we will define in the next section 
will diverge for subtracted Schwarzschild. 

The metric with Ag as the warp factor is not asymptotically fiat. Indeed, it is straight- 
forward to show that the geometry asymptotes to a conical box. Some basic properties of 
this kind of asymptotic geometry are discussed in an appendix. 

The black holes we considered have extremal limits. Specifically, we will look at the 
extremal cases corresponding to the limit 

m 0, So,5-^oo (2.11) 
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such that the charges and Q.^ are held fixed. This is sometimes called the "BPS limit" 
when working in the context of the STU model. The mass of the black hole in terms of the 
parameters m, 6 and 60 is given by 

TTl 

M = — (3cosh25 + cosh25o) (2.12) 
and therefore in the extremal limit, we have the relation 

^^Ql^VlQl^ (2.13) 

The subtracted geometry takes a simple form in this limit, and is defined by 

4 

X = r\ As = —{r + fi) (2.14) 
/i 



where 



Qm 



(2.15) 



In this coordinate system, the (double-zero) horizon is at r = 0. There are only two inde- 
pendent parameters that define the metric because the mass is determined in terms of the 
two charges in the extremal limit. The solution is fully determined once we give which 
is given in Section |4j 



3 The Attractor Ansatz 



The extremal subtracted geometry is what we call the subttractor. The reason for this 
is that when we allow perturbations of this geometry close to the horizon that are finite at 
the horizon, the horizon value of the scalar does not change. This is one way in which an 
attractor black hole can be characterized |9]. 

The basic observation that makes the connection with the attractor mechanism possible 
is that both the original black hole and the subtracted geometry fall into what we call the 
"attractor ansatz" [9] . For our purposes, this means that the fields are assumed to have only 
radial dependence and that they are of the form 

ds^ = -airfde + + hirfdn'', (3.1) 

F'^=1'2 = Qa=l,2 Q^Q ^^^^ ^ ^ ^(^^) ^3 2) 

and therefore the equations of motion can be brought to a simple form. Clearly, the black 
holes we have discussed so far all fall into this ansatz. Note in particular that the attractor 
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ansatz is not limited to extremal black holes. Even though we won't be using it directly in 
this paper, it is also true that the solutions considered in [191 120] all fall into the attractor 
ansatz. We will return to them elsewhere 

The equations of motion take a simple and useful form- 

(a^ b^Y -2 = (3.3) 
y + 0" = (3.4) 

{a%^^y - ^"^^ = (3.5) 
together with a (redundant) first order energy constraint 

b 

where 

V;//(0) = e-^g^)^ + e-^Q^)2 (3.7) 

As we discussed in the previous section, we can shift the scalars by a constant, while rescaling 
the charges by a compensating factor, and the equations of motion will remain invariant. 

For the specific action that we have chosen, these equations can (perhaps surprisingly) 
be exactly integrated, by relating it to a Toda-like system [22l |23l [9]. The integrabil- 
ity/diagonalizability has some further generalizations and we will investigate some of these 
questions in [26j. We will show that the subttractor geometry that we have presented in 
the last section can be found as a previously missed solution of this Toda-like system. The 
advantage of the exact solution is that we can perturb the subttractor geometry near the 
horizon, and trace the evolution of the system analytically. This is what we set out to do in 
Section [5j We present the various exact solutions relevant to us in the next section. 



4 Exact Solutions 

Here, following [9] we present the exact solutions of the equations of motion in Section [3] 
There are two reasons we do this. Firstly, we want to identify the subtracted geometry and 
the subttractor among the possible solutions of this system. The extremal flat (attractor) 
solutions are discussed in [9] . We repeat them here for the slightly more general non-extremal 
case, do the matches with the black hole solutions we presented and determine the integration 
constants. Our expressions in this case turn into those presented in [9j when we go to the 
extremal limit. Next, we also show how one can see the subtracted geometry and its extremal 
limit (subttractor) using these equations. 
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The general solution [22|, [231 E] 5 after demanding regularity at the outer horizon gives us 
_ f «2A sinh m(r- da) y 

-2a2 

2 / m \ °i~"2 / in 



\Ql^ sinh m{T — dl) ) sinh m(T — ^2) / ^ ^ 

52 ^ r(r-2m)/a2 (4.3) 

where we have chosen coordinates so that the inner horizon is at r = and we have denoted 
the location of the outer horizon to be at r = 2m. The tortoise coordinate 



^log(l-^). (4.4) 

cm V r / 



2m 

This matches our conventions for the black hole solutions in Section |2l These are the most 
general solutions once we demand regularity at the horizon, and they have a good limit in 
the extremal limit, namely when m — > 0. There are two remaining integration constants, 
dl and ^2- If "we are interested in fiat space solutions, they can be fixed by demanding (a) 
asymptotic flatness, i.e, a{r — )■ 00) = 1 and (b) choosing the asymptotic value of the scalar, 
i.e., 0(r 00) = 

These conditions fix di and ^2 via 

sinh(m dl) = ^^^exp{-V3 (poo), (4.5) 

smh{md2) = |^exp(^^y (4.6) 

We have checked that these solutions match the fiat space (non-extremal, unsubtracted) 
black holes we wrote down in section [2] when we set 0oo = 0. The solutions with non-zero 
go to the hairy extremal solutions investigated in |9|^ when we send m — )■ 0. When 
we perturb our subttractors they flow to these solutions, modulo one generalization- the 
asymptotic value of a(r) need not be unity, it can be a constant oq. There is a scaling 



symmetry in the system of equations (3.3 3.6) 



a -)-t a, r r (4.7) 
for arbitrary t so this ao can be gotten rid of by scaling the r. In any event, we present these 



^modulo some inconsequential but frustrating typos in 9 . The solution is rather complicated, but we 
hope and believe that we haven't introduced our own typos in the process of correcting theirs. Sigh. 
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flat space solutions, including the ao, here in our notation: 



^hairy \ 



log 



(2 + e-v^-^-r/ 



ao) 



''hairy 



3-=^/« 2 + ^— 2 Q,;„ + 



ao 



ao 



1/4 



Oh, 



airy V 



r/6; 



hairy \ 



(4.8) 

(4.9) 
(4.10) 



One crucial observation is that we can bring the general solutions (4.1 4.3) to the form of 
the subtracted geometry of section|2| by setting d2 = and choosing di appropriately. Setting 
di = and retaining d2 results in a new type of solution which is neither the subtracted nor 
flat geometry: in fact, the warp factor A goes as in these solutions as r — t- oo, whereas it 
goes like in flat black holes and like r in the subtracted geometry. These new geometries 
also seem to have some interesting properties, and will be discussed elsewhere 

We can match the subtracted solutions with the ^2 = solutions by taking 



di 



sinh 



m 



15 cosh 2S + cosh 65 + 2(5 + 3 cosh 46) cosh 2So 
4 sinh^ 26 sinh 26o 



(4.11) 



The value of in the subtracted geometry that we presented in section [2] is given by 
= 2V2 




sinh 26 (cosh^ 6 cosh^ 60 — sinh^ 6 sinh^ 60 



(4.12) 



sinh 260 sinh mdi 

We have not been able to simplify these expressions in a useful way (if at all it is possible), but 
we have checked that they reproduce both the exact Toda-style solution (with the subtracted 
geometry parameters), as well as the subtracted geometry presented in section [2] A more 
useful expression than the explicit form of is its value in the extremal limit. This can be 



found via the limit (2.11) and the result, when written in terms of the gauge charges that 



support the geometry takes the simple form 



/3- 



4(Q 



2 \2 
ml 



Ext 



(4.13) 



This fixes the horizon value of the dilaton to be the attractor value, both in the subtracted 
and unsubtracted geometries (in the extremal limit) to be 



73 



^Hor 



log 



Q 



4 -"-yv^Qi 

Now we present the extremal limit subtracted solutions 
we have used for horizon perturbation computations. 



73 



log 



Ql 



4 -\^^[Ql + d,Qlr 



373 



(4.14) 

'subttractor" ) in a form that 

(4.15) 
(4.16) 



a^(r) = r/bs{r). 
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The comparison with the extremal subtracted solutions we presented towards the end of 
section [2] is established when we identify 

di = (4.17) 

It can be checked that the complicated expression for di in the non-extremal case ( |4.11[ ) 



reduces to this when we go to the extremal limit, when we use the relations (2.15). For the 



extremal subtracted "subttractor" solutions we presented in Section [2| is not arbitrary 



like in the solution above - it is fixed in terms of the charges via (2.15). This can again be 



understood in terms of the rescaling symmetry (4.7). 



5 Subttractor 



Our goal in this section is to start with the subttractor geometry, perturb it around the 
horizon and see what it evolves to in the asymptotic region. We will find that the solutions 
fiow to fiat space black holes with non-trivial radial dilaton profile. We will work with the 
exact form of the solution presented in Section |4j 

The idea is to perturb the scalar near the horizon and look for solutions of the equations 
of motion: 



0('^) = (psir) + 5(l){r), 
b{r) = bs{r) + 6b{r), 
a(r) = as{r) + 6a{r), 



(5.1) 
(5.2) 
(5.3) 



where (f)s{r),bs{r),as{r) correspond to the subttractor solution that we have described in 
the appendix. Since these are second order equations, there will be two solutions (for each 
function) and we will consider the solution that stays finite at the horizon so that the 
double-zero structure of the horizon is maintained ^9J. In other words, we demand that the 
perturbation be regular at the horizon. Demanding that the equations of motion are satisfied 
order by order in r (around the horizon r = 0) then fixes the perturbed solution order by 
order in terms of one integration constant, which we take to be the 0{r) piece in 6(f){r). We 
will call this constant (pi. Concretely, when we do all this, we find that 



^logf^ 



_l_ ^ 



' 4fiJ V8/i2 



4/i 73 



+ 



6(r) = 
a(r) 



a 

1 

a 



r — 



r 



32 



-(- 



8v^0i 



160? 



^2 _^ 



+ 160nr3 + 



(5.4) 
(5.5) 
(5.6) 
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When 01 is set to zero this reduces to the subttractor solution (j)s{r),bs{r),as{r), series 
expanded in r around the horizon. We have defined a and fi in (2.15). Note that the 
perturbation vanishes at the horizon, which means that the attractor mechanism is at work 
at the double-zero horizon. 

The possibility of the simple power series expansion we have used here is crucially tied 
to the choice of parameters ai = 2a/3, a2 = — 2/-\/3, that we made in the dilatonic gauge- 
coupling matrix in Section [2j For more general values of the couplings, we will typically 
expect to have irrational exponents in the series expansion above. This is tied to the fact that 
the near-horizon extremal geometry has an AdS structure and the exponents are determined 
by the solutions of scalar wave equation in that geometry. This in turn depends on the 
effective cosmological constant of this near-horizon AdS, which depends indirectly on the 
dilatonic gauge couplings. One reason we have chosen to look at this specifically engineered 
theory is that the relevant exponent 7 turns out to be [9j 

7 = ^(Vl-2«ia2-l), (5.7) 

which reduces to unity in our case. This makes the power series expansion significantly 
simpler to work with in Mathematica, even though the attractor mechanism is qualitatively 
unaffected by this simplification. Ultimately, this simplification is to be traced to a connec- 
tion to the attractor ansatz in A/" = 2 supergravity that we discuss in the appendix. 

What we would like to see now, is how one can evolve the perturbed solution radially 
outward once we choose 0i. This is straightforward to do numerically for specific values 
of (5m;Qm 4>i- Indeed, we have done this and checked that the solution goes to an 
asymptotically fiat spacetime. But we can do more. Since we have shown in Section |4] that 
solutions can be found exactly, and since we have found numerically that the solution goes to 
fiat space, we can hope to relate the perturbation (pi to the parameters of an asymptotically 
fiat (extremal) solution. This is easy enough to do by taking the exact fiat space solution, 
expanding it around the horizon and comparing it against the perturbed solution around 
the subttractor. We can relate Ql^, and 0i in the perturbed subttractor solution to 
Qmy Qm 'Poo in the fiat spacc hairy solution by comparing low order terms. Once this 
is done, all the higher order terms should match automatically if the solution is fiowing to 
asymptotically fiat space. This is indeed what we find. 



More concretely, the horizon expansion of the fiat space hairy solution presented in (4.8- 
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Figure 1: Evolution of subttractor perturbations for = 7, = 4. The lowest curve 
is the subttractor, which runs off to infinity logarithmically. The perturbed solutions all 
stabilize to some finite 0oo- The horizon value of the scalar is ^ log ( /^qi ) = —0.480177. 



4.10) matches (5.4 5.6) when we set 

3exp (0oo/v^ 



2ao Q 



2 



1 _ exp(-x/3 0oo) 2^ '^''P ( 



+ TT-^, (5.9) 



Note that fi can be thought of as arising from a freedom to do scaling a la (4.7) and ao 
captures that. 

We plot the solutions for a specific choice of Q^, in figure 1. We have checked for all 



the cases that the asymptotic values of these solutions match with 0i as dictated by (5.8 



5.9). The curves start at the attractor value of the scalar, but for any non-zero (positive) 
perturbation they go to asymptotically flat space (we don't plot the metric functions here, 
but we have checked this) with a finite value for (poo- As we keep increasing 0i, from the form 



of the perturbation in (5.4), we see that at 01 = y/S/Afi the fluctuation from the attractor 
value of the scalar is zero to leading order in r. This suggests that this should correspond 
to the hairless fiat space black hole, and this is indeed what we find from the plots: the 
horizontal straight line in the plot corresponds to the scalar being a constant equal to the 
attractor value when 0i = v^/4/i. 
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What happens when 0i is negative? Even though we don't plot them here because 
we haven't studied them systematically, numerically it is possible to see that the solutions 
actually diverge to — oo at finite radius when (pi is negative. The subttractor is a boundary 
between solutions of this kind, and solutions that go to asymptotically fiat spacetimes. It is 
in this sense that it is a boundary of the attraction basin. Another immediate question is: 
what happens when 0oo is positive? We have only considered the lower half of the attraction 
basin here. It turns out that it is possible to understand these questions analytically in terms 
of various competing behaviors between di and d2 in the exact solution. But since the phase 
structure of general attractors seems to be quite rich, and since some of these behaviors are 
more appropriately studied in the context of a more general subtracted geometry, we will 
defer them for a future occasion |2H [26]. Some of these subtracted geometries require a 
different replacement of the warp factor than what has been considered in the literature and 
we will report on them elsewhere [21]. 
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A Connection to M = 2 Supergravity with Four Vector Multiplets 



We can relate our action (2.1) to the bosonic sector of four dimensional Af = 2 super- 



gravity coupled to four vector multiplets. This action has six scalars and four vectors, but 
we can consistently set three of the scalars to zero, if we are looking at static black hole 
solutions where a certain pair of gauge field strengths are chosen to be magnetic and the 
other two are electric EDI- This reduced action takes the form 



d X 



R 



_|_p-¥'l-</'2+</33 ( -p 



(A.l) 



where i = 1, 2, 3 for ipi. Exact static black hole solutions of this action [271 120] can be found 

(A.2) 



in the form (2.3) and they are described by: 

X = r"^ — 2mr, Aq = Ilj^i{r + 2m sinh^ Sj) 
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where all the 5/ can in principle be different. The scalars take the form 



(r + 2m sinh^ 8i){r + 2m sinh^ ^3 



0^2 



(r + 2m sinh^ ^2) {t' + 2m sinh^ ^4) 
(r + 2msinh^ 52)('" + 2msinh^ 53)] ^ [(r + 2msinh^ 5i)(r + 2msinh^ ^2) 



(A.3) 



(r + 2m sinh^ Si){r + 2m sinh^ ^4) 
The gauge fields are of the form 



(r + 2msinh (53)(r + 2msinh ^4) 



A2 
A, 
A2 



—2m cosh 61 sinh 61 cos 

2m cosh 62 sinh 62 

2 "-^ 

r + 2m sinh 62 

—2m cosh ^3 sinh ^3 cos 

2m cosh (^4 sinh 64 



r + 2m sinh^ ^4 



-dt 



(A.4) 
(A.5) 
(A.6) 
(A.7) 



Computing the field strengths and defining ipi = 20j we can show that these solutions 
fall into the attractor ansatz of [U] with precisely the same normalizations. The charges that 
are turned on are two magnetic and two electric charges given by: 

m sinh 2^2 



ql = 4Q° = m sinh 25i, = Q° = 
g^^4Q0 = m sinh 253, qt ^ Ql 



m sinh 2(^4 



(A.8) 
(A.9) 



The factors of 4 are a consequence of the normalizations in [9], which we follow. The Q^^s 
that are introduced make certain formulas more symmetric, in particular in the extremal 
limit. With 

X 



a\r) 



^0' 



and b (r) 



the following equations of motion are satisfied: 

fa^ b^)" - 2 



J 








with the energy constraint 

a b 



a^'b^' + 



62 



- a%^4>'' - 1 



(A.IO) 

(A.ll) 
(A.12) 

(A.13) 
(A.14) 
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where 



sinh^(25i)e 



'2{—(f>l+4>2—<t>3) 



+ m? sinh^ (253)6 



2( — (/)2+</>3) 



+ 



sinh^(252)e 



2{+0i-(/)2-03) 



+ sinh2(254)e'(+^i+'^^+^^^) . (A.15) 



At this stage it is easy to notice that this set of equations of motion reduce to our 

= 0/ a/3. The effective 



minimahstic system (3.3 3.6) from section 2H3 if we set all three 



potential reduces to (3.7) when we work with an action of the form (2.1 ) so that there are only 



two distinct gauge fields, both of which source magnetic field strengths. Their charges are 



given by (2.7). This is the way we connect our minimal action (2.1 ) with M = 2 supergravity 



with four vector multiplets. 

Ultimately the reason why our action is integrable, can be traced to the fact that the 
original supergravity system is exactly integrable. This is the origin of the diagonalizabil- 
ity/integrability recently found in [28] in the STU model. We show this and some general- 
izations by exploiting a known connection with Toda equations in |26j . 

In the extremal limit of these spacetimes, we have to let 



m — )■ 0, (5/ — 00, 



(A.16) 



so that ^"^^ stays finite. The mass formula for the (A. 2) black holes takes the form 



M 



m 



cosh 2Sj 



1=1 



and so in the extremal limit, we have the relation 

M = Q? + Q° + Q° + Ql 
The simplicity of this expression was our motivation for introducing the Q^. 



(A.17) 



(A.18) 



The subtracted geometries corresponding to (A. 2 ) can be constructed via the warp factor 
replacement: 



A, = {2myr{Ui - ) + (2m)^nf . 



This is identical to our prescription (2.8) except now the charges are different, so 

He = ^^=1 cosh 6j, Hs = Hj^j^ sinh 6j. 



(A.19) 



(A.20) 



The subtracted geometry takes a simple form in the extremal limit (and we adapted this 
form to construct our minimalist solution in Section |2|, and is again defined by 

„4 



X 



A. 



a 



(A.21) 
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but now with 



B Conical Box Asymptotics 

Since the change in the asymptotics is a crucial point of the paper, in this appendix we 
discuss some aspects of the boundary structure of the subtracted geometry. First, we write 



the metric defined by (2.8 2.9) in a form that manifests its asymptotic structure by defining 
a better radial coordinate, = a/A^. In terms of this coordinate, the subtracted geometry 
becomes 

, ^ (R^ - Q - "mpY - 'm'^p'^ , 9 , „9 „9 ,^9 ,^ , - 

*= = -^ '—r§ (j;._,_„,)._,„.,. ^^' + fi'^"i. (B.l) 

where 

p^(2mf(n^-n^), g = (2mrn^ (B.2) 

It can be seen that in the extremal limit (where m — t- with q = a^,p = a^/^ staying 
finite) this change of coordinates results in /i ending up as a pure rescaling of the time 
coordinate. In any event, the radial coordinate has a straightforward interpretation now, 
and asymptotically the metric looks like 

dsl^^ = - —dt^ + IQdR^ + R^dnl. (B.3) 



This is called the conical box [20] and this is where all our subtracted black holes live. Note 
that the charged/extremal/Schwarzschild/... black holes all live in this universal box. 

It is always tempting to put flat space black holes in boxes. This is because in fiat space 
there are conceptual difficulties associated with defining Hartle-Hawking states etc. ^29j, and 
one hopes that the thermodynamics of fiat space black holes is a real- world/local-equilibrium 
reflection of a Platonic boxed black hole. So as a first step, one might try to consider the 
dynamics of the empty box by itself and perhaps try to do quantum field theory in this 
background, explore an analogue of Hawking-Page transition, etc. similar to the AdS-box. 
But this leads to immediate technical and conceptual difficulties. One big problem is that 
it is not clear that one should think of the empty box as a ground state, because we need 
matter to support the subtracted geometry. A well-known manifestation of this problem is 
that the empty box has a naked curvature singularity at the origii][^ We suspect that one 

^We thank Aninda Sinha for emphasizing this to us. 
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way forward might be to consider the extremal black hole as the vacuum state instead of 
the empty box j30] . 



We conclude this appendix by drawing the Penrose diagram of the conical box (B.3). As 
usual, after suppressing the sphere part and extracting a conformal factor the relevant piece 
of the metric takes the form 

ds^ = -df + "^dR^ = -df + dz'^ = -du dv. (B.4) 

We have defined 

2p 

z = - — , u = t-z, v = t + z. (B.5) 

Note that with this definition z is increasing when R is increasing. R is in the range (0, oo) 
and t is in the range (—00,00). So 2; G (— oo,0~) and u,v E (—00,00). At this stage we 
can compactify the manifold by defining u = tan('u/2), v = tan('i;/2), extract a confromal 
factor and we are left with the fiat space metric but with a finite range for the coordinates: 
M, -5 G (— vr, vr). This means that the Penrose diagram is at most a square (diamond). It need 
not span the entire square because R is restricted to be real (and positive), whereas the final 
coordinate change treats R^ as an arbitrary real number. 

To get some intuition about the geometry, we can plot 

— = tan --tan-, (B.6) 

11 V 

2t = tan-+tan- (B.7) 

in the u,v square for various values of t and R^, specifically for t, i?^ — )■ or ±00. The 
region spanned by negative values of R^ have to be omitted, which results in the Penrose 
diagram becoming a triangle instead of a square diamond. The end result is given in figure 
2. It is clear that the causal structure and R ^ 00 asymptotics are very different from fiat 
space, and indeed is very similar to the Poincare patch of AdS, except now instead of the 
Poincare horizon, we have a curvature singularity. This similarity is perhaps not surprising 
considering the fact that we are working with a box here. 

When we put a black hole in, we expect that the interior (the region close to r = 0, 
the inner /outer horizons) of the Penrose diagram will change and will be similar to the 
corresponding flat space black holes, but the boundary will remain a vertical line. For 
charged black holes there will be many asymptotic regions and the diagram will be infinite, 
just as in fiat space and AdS cases, but we do not expect any substantial qualitative changes 
in the general structure of the diagram. Similar statements should hold also for extremal 
black holes where the two horizons collapse onto each other. 
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Figure 2: Penrose diagram of (B.3). The bold line segments indicate the curvature singu- 
larities at R = 0, the boundary at i? = oo is marked. The spacetime can be foliated with 



constant R curves (B.6) or constant t curves (B.7) which are indicated schematically in the 
figure. The natural comparison of this figure is against the Poincare patch of AdS, with the 
Poincare horizons replaced by the curvature singularity here. 
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